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ABSTRACT
Identification of Physical Changes to a Steel Frame
Daniel Eric Means
The thesis utilized physical testing and computer modeling to determine the
feasibility of identifying a change to the mass or stiffness of a steel frame. Physical
testing was performed using an accelerometer, linear shaker, and arbitrary function
generator. Two methods of laboratory testing were developed: ambient vibration testing
(AVT) and forced vibration testing (FVT). AVT was able to preliminarily identify the
natural frequencies and mode shapes of the frame. FVT was able to precisely identify
four distinct natural frequencies, mode shapes, and damping ratios. The baseline frame
then underwent two physical changes: the addition of mass to its roof, and the addition of
braces along one of its sides. FVT was used again to determine the natural frequencies,
mode shapes, and damping ratios of the newly changed structure.
An ETABS computer model was developed to represent the frame. This baseline
model produced natural frequencies and mode shapes that closely matched the values
determined by FVT. The mass and stiffness of this baseline model were then changed
multiple times through the addition of mass and braces at various locations on the model.
The frequencies and mode shapes were recorded for each change.
Two methods were developed to identify the changes to the steel frame. The first
method was able to determine which one of the models best represented a single change
to the structure (adding mass to its roof). The second method was able to determine the
combination of models that best represented the two concurrent changes to the structure
(adding mass to its roof and braces to its sides). Both methods utilized the percent
differences of each altered computer model relative to the original, and each method
satisfactorily identified its respective physical alteration.
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1.0 INTRODUCTION
This project examined the feasibility of using a combination of physical testing
methods and computer modeling techniques to identify physical alterations made to a
steel frame.
1.1 Purpose
The primary purpose of this project was to develop both laboratory testing and
analytical methods to identify structural changes to a steel frame. Additionally, this
project was designed to lay the groundwork for future research in the field by developing
testing methods and computer modeling techniques that could be applied to similar
structures.
1.2 Scope
The scope of this project consisted of three major components. The first
component of the project involved the development of a laboratory testing method able to
experimentally determine various structural properties of the frame. The second
component was involved using these experimentally-determined structural properties to
create an accurate analytical model of the existing physical structure. The third
component involved making two distinct physical changes to the frame and then
developing analytical methods by which these changes could be identified.
 2.0 Literature Review and Theoretical Development 2
Identification of Physical Changes to a Steel Frame
2.0 LITERATURE REVIEW AND THEORETICAL DEVELOPMENT
The following sections describe the development of the equations and some of the
methods used in this the analysis of this project.
2.1 Deformation Response Factor
When a structure is harmonically loaded such that the loading frequency nears the
natural frequency of the structure, the deformation of the structure is amplified through a
deformation response factor, Rd. Rd is a function of both the ratio of the frequencies as
well as the damping ratio of the structure, as seen below in Equation 1.
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Eq. 1
where Rd = deformation response factor (dimensionless),
ω = frequency of applied load (rad/s),
ω n = natural frequency of structure (rad/s), and
ζ = damping ratio of structure (dimensionless).
The results of Equation 1 are more clearly depicted using a graph, as shown in
Figure A, below. The graph plots the deformation response factor with respect to the ratio
of the frequencies. Each separate curve represents various values of the damping ratio.
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Figure A: Rd of various damping ratios
Source: Chopra (2007)
The maximum value of Rd, Rdmax, is determined by taking the derivative of
Equation 1 with respect to the frequency ratio, resulting in Equation 2, below.
Eq. 2
where Rdmax = maximum value of Rd (dimensionless) and
ζ = damping ratio of structure (dimensionless).
2max 12
1
ζζ −=dR
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2.2 Half-Power Bandwidth
As long as the damping ratio is known, Equation 1 and Figure A can provide
useful information with regard to predicting the response of a given structure to
sinusoidal loading. However, if the damping ratio is not known, but the curve relating Rd
to the frequency ratio is known, the damping ratio can be determined using the half-
power bandwidth property of the curve, defined by Figure B, below.
Figure B: Half-power bandwidth
Source: Chopra (2007)
If (ω a /ω n) and (ω b /ω n) are the frequency ratios that correspond to the points
on the curve in which the values are equal to Rd divided by the square root of 2, the result
is Equation 3, below.
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Eq. 3
where ω = frequency of applied load (rad/s),
ω n = natural frequency of structure (rad/s), and
ζ = damping ratio of structure (dimensionless).
Taking Equation 3 and solving for ω /ω n results in Equation 4, below.
Eq. 4
where ω = frequency of applied load (rad/s),
ω n = natural frequency of structure (rad/s), and
ζ = damping ratio of structure (dimensionless).
For the very small values of damping that exist in physical structures, the 2ζ
terms are assumed to be equal to zero. Using the first term of the subsequent Taylor
series expansion results in Equation 5, below.
Eq. 5
where ω = frequency of applied load (rad/s),
ω n = natural frequency of structure (rad/s), and
ζ = damping ratio of structure (dimensionless).
Assigning (ω b /ω n) to be the larger root and (ω a /ω n) be the smaller root, then
subtracting (ω a /ω n) from (ω b /ω n), results in Equation 6, below.
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Eq. 6
where ω a = smaller frequency of applied load (rad/s),
ω b = larger frequency of applied load (rad/s),
ω n = natural frequency of structure (rad/s), and
ζ = damping ratio of structure (dimensionless).
Isolating ζ and utilizing the relationship between ω and f, the equation in which
the damping ratio is determined is displayed as Equation 7, below.
Eq. 7
where fa = smaller frequency of applied load (Hz),
fb = larger frequency of applied load (Hz),
fn = natural frequency of structure (Hz), and
ζ = damping ratio of structure (dimensionless).
2.3 Modal Assurance Criterion
The modal assurance criterion, MAC, compares how well two modal vectors
correlate with one another. Randall J. Allemang examines the development, uses, and
misuses of the MAC, in his article, “The Modal Assurance Criterion – Twenty Years of
Use and Abuse.” The MAC is a scalar, and values closest to 1 indicate the highest levels
of correlation (Allemang 2003). The MAC is determined by Equation 8, below.
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Eq. 8
where MAC = modal assurance criterion (dimensionless),
Aφ = first mode shape vector (in/s2 and rad/s2), and
   Bφ = second mode shape vector (in/s2 and rad/s2).
Among the many uses listed for the MAC, those that apply to this project include
validation of experimental modal models, correlation with analytical modal models, and
modal vector error analysis (Allemang 2003). The MAC was utilized in this project
during the development of accurate computer modeling, specifically to determine which
modeling techniques resulted in the most accurate modal representation of the physical
structure.
Allemang makes it a point to address the issue of orthogonality. The MAC cannot
be used to check if modes are orthogonal. In this project, the values recorded from
experimental testing produced modal vectors that were not orthogonal, so a different
method had to be used to properly manipulate them into orthogonal modal vectors.
2.4 Mode Sweeping
Mode sweeping is the process by which the effects of more prominent modes are
removed from the less prominent modes. Mode sweeping essentially insures that the
modes are orthogonal to one another. It should also be noted that in this experiment, the
first weak mode was the most prominent and was assumed to be pure, exhibiting
negligible effects from the other modes. The purity of the first mode means that the
recorded modal vector is identical to the orthogonalized vector.
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,
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The data recorded in a laboratory setting regarding each mode shape generally
contained a mixture of other mode shapes. The prominence of these other mode shapes
was relative to the Rd value of each modal frequency. Unless two modes had very similar
frequencies, the relative effects of the lower order modes were much smaller than those
of higher order modes. The lowest Rd value for a higher mode was 1, whereas the lowest
Rd value for a lower mode approached zero.
Equations 9, 10, and 11, below, were used to sweep the higher order modal effects
from the second, third, and fourth recorded modal data.
Eq. 9
Eq. 10
n
n
T
n
T
n
n
n
T
n
T
n
T
T
n M
M
M
M
M
M
3
33
43
2
22
42
1
11
41
44 φφφ
φφφφφ
φφφφφ
φφφφ −−−= Eq. 11
where 1φ = recorded first modal vector (in/s2 and rad/s2),
2φ = recorded second modal vector (in/s2 and rad/s2),
3φ = recorded third modal vector (in/s2 and rad/s2),
4φ = recorded fourth modal vector (in/s2 and rad/s2),
n2φ = orthogonalized second modal vector (in/s2 and rad/s2),
n3φ = orthogonalized third modal vector (in/s2 and rad/s2),
n4φ = orthogonalized fourth modal vector (in/s2 and rad/s2), and
M = mass matrix (lb·s2/in and lb·in·s2).
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The reason behind orthogonalizing the modal vectors is that analytical and
computer models produce orthogonal modal vectors. In order to utilize the MAC
correctly in comparing any two modal vectors, they must not be influenced by the other
mode shapes of the structure.
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3.0 LABORATORY SETUP
The project centered on a two-story steel frame located in the High Bay Lab of
the Engineering West building on the Cal Poly campus. The simplistic nature of the
structure – its relatively small size and its symmetry – made it an ideal system to execute
both ambient and forced vibration tests. Figure C, below, is a photo of the frame.
Figure C: Steel frame located in High Bay Lab
Source: Author photo
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3.1 Frame Properties
The frame occupied a footprint of just over 6' by 4.5' and was just over 8' tall. All
of the beams and columns of the frame were determined to be W6x12 (American Institute
of Steel Construction 2006). Each story supported a 1.75" concrete slab over 2.25" of
fluted metal deck, weighing just over 1000 pounds each. The diagrams in Figure D,
below, provide the exact dimensions of the steel frame.
Figure D: Frame Dimensions
Source: Author diagram
3.1.1 Slabs
The 1040 pound floor slab did not have a mechanical connection to the beams
below; instead, it rested on the beams and was secured from lateral movement by the
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surrounding columns. Figure E, below, is a photograph showing the concrete over the
fluted metal deck of the floor slab.
Figure E: Concrete over fluted metal deck
Source: Author photo
The roof slab was the 1030 pound slab that rested on the top level of beams on the
frame. The major difference between the roof slab and floor slab was that the roof slab
had to be secured such that it was not able to move laterally. The floor slab was
surrounded by columns, preventing its movement, but the columns did not extend above
the top level of beams. The method used to secure the slab to the roof involved the use of
a C-clamp near each corner of the roof, as seen in Figure F, below.
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Figure F: Connection of roof slab to steel
Source: Author photo
3.1.2 Connection of Beams to Columns
The frame resisted applied lateral forces through moment-resisting connections
between all of the beams and columns. Although the connections were different in the
two principal directions, they essentially provided the same type of connection.
The beams running along the longer dimension of the frame aligned with the
strong axis of the columns. Each of these beams was bolted to a steel angle on its bottom
and a flat plate on its top. Both of these items were then fully welded to the column.
Additionally, stiffener plates aligned with the horizontal members of each of these items,
helping to reduce the amount of rotation experienced by the beam relative to the column.
Lastly, a vertical shear plate was bolted to the beam and welded to the column. The
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combination of these plates, welds, and bolts provided moment-resisting connections in
the “strong axis” orientation of the structure. Figure G, below, is a photo of the typical
strong axis beam-to-column connection.
Figure G: Typical long beam-to-column connection
Source: Author photo
The beams installed in the shorter direction aligned with the weak axis of the
column, so the typical connection was different than that of the beams in the strong axis.
This connection involved the welding of horizontal plates to both the top and bottom of
the beam near the column. The entire built up section was then welded to the column web
and flanges wherever possible. This provided a moment-resisting connection in the
north/south direction. Figure H, below, is a photo showing the typical “weak axis”
orientation beam-to-column connection.
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Figure H: Typical short beam-to-column connection
Source: Author photo
3.2 Testing Equipment
The frame underwent both ambient vibration testing and forced vibration testing
using laboratory equipment that included an accelerometer, a linear long-stroke shaker,
arbitrary function generator, and computer software to manipulate the results.
3.2.1 Accelerometer
The accelerometer used in this project was an ICP Accelerometer, Model 393B04.
It was capable of measuring a large range of accelerations, anywhere between 3·10-6 g
and 5 g. This wide range of values was very important because of the large difference
between the magnitudes of the accelerations recorded during different tests. The
accelerometer is pictured in Figure I, below.
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Figure I: Accelerometer
Source: Author photo
When the accelerometer was active, it generated voltages that corresponded with
particular frequencies. Recording 2,000 times per second, these voltages were converted
into accelerations in the recording process utilizing the accelerometer’s unique sensitivity
value. This sensitivity value was a direct conversion of voltage to acceleration and was
determined for each accelerometer during the calibration by the manufacturer.
3.2.2 Linear Long-Stroke Shaker
The linear long-stroke shaker was a 100 pound machine that oscillated at various
input frequencies and amplitudes. At its maximum amplitude, it was capable of
producing 30 pounds of lateral force as it oscillated back and forth. The shaker, pictured
in Figure J, below, attached to the slabs using a friction pad on its underside, preventing it
from slipping out of place and producing inconsistent results.
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Figure J: Linear long-stroke shaker
Source: Author photo
3.2.3 Arbitrary Function Generator
The arbitrary function generator was the device that determined the motion of the
linear shaker. For all of the testing in these experiments, the functions generated were
sine waves. The two principal variables that could be adjusted within the sine function
were the frequency and amplitude of the waves. The amplitude was generally set at its
maximum, an input value of 1 volt that equated to the 30 pounds of lateral force
mentioned above. Figure K, below, is a photo of the interface of the arbitrary function
generator.
Figure K: Arbitrary function generator
Source: Author photo
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3.2.4 Labview Signal Express
The Labview Signal Express computer program was what turned the raw
accelerometer recordings into much more user-friendly data. This as the where the inputs
for both the sensitivity value of the accelerometer and the number of recordings had to be
specified before a collection of data could be generated. Labview Signal Express directly
output the peak value of the acceleration and graphically depicted the acceleration
response of each frequency. The program was also able to export each data point from the
graph into a spreadsheet when necessary.
3.3 Initial Attachment of Frame to Ground
The original design of the attachment of the frame to the ground involved bolting
the column base plates to two large, above-grade, raft foundations, and these foundations
were then bolted to the strong floor in the lab.
3.3.1 Column Base Plates
Each of the four columns of the frame was welded to a 1/2" steel base plate, the
exact dimensions of which are shown in Figure L, below.
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Figure L: Base plate detail
Source: Author diagram
Each plate had a 3/4" diameter hole centered on each side of the column, and the
holes matched up with 5/8" diameter anchor bolts embedded into the raft foundation. A
washer and nut were then securely fastened to each bolt, securing each base plate tightly
to the foundation. Figure M, below, is a photograph of the base plate attaching the
column to the ground.
Figure M: Photo of base plate
Source: Author photo
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3.3.2 Raft Foundations
Each of the four column base plates was attached to one of the two 5" thick
concrete raft foundations. The exact dimensions of the raft foundations are shown in
Figure N, below.
Figure N: Layout of foundation bolts
Source: Author diagram
Figure N also outlines the layout of the bolts attaching the rafts to the laboratory
strong-floor. Each of the eight black-filled circles represents a 1.25" diameter bolt
running through a raft foundation into the strong floor. Each raft had one line of four
bolts through it, as shown by Figure N as well as the photo in Figure O, below.
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Figure O: Bolts attaching raft to strong-floor
Source: Author photo
3.4 Revised Attachment of Frame to Ground
The initial attachment of the frame to the ground was not sufficiently secure
enough for the magnitude of forces that would soon be applied to the structure. When
initial testing began, inconsistencies in the data began to appear, and the method of
attaching the frame to the ground had to be revised.
3.4.1 Problems Detecting Natural Frequencies
The problem with the initial laboratory setup was that the detected natural
frequencies varied with the amplitude of the shaker. Figure P, below, shows the
acceleration at various frequencies caused by 1.0 volts of amplitude in the shaker. Figure
Q, further below, shows the accelerations caused by 0.1 volts.
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Acceleration Response, 1.0V
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Figure P: Initial attachment strong axis acceleration response, 1.0V
Source: Author diagram
Acceleration Response, 0.1V
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Figure Q: Initial attachment strong axis acceleration response, 0.1V
Source: Author diagram
The 6% difference between the detected natural frequencies demonstrated that the
response of the structure was not a linear function of the amplitude of the shaker. Because
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the scope of this project did not include the analysis of a nonlinear response, the problem
needed to be rectified before usable data could be collected.
3.4.2 Identifying and Fixing the Problem
Closer investigations of the initial laboratory setup revealed that the problem
revolved around the raft foundations rocking back and forth when a large lateral force
was applied to the structure. As seen in Figure R, below, the single line of bolts attaching
to foundation to the strong floor could not resist the uplift forces caused by large
amplitude shaking of the structure.
Figure R: Single line of bolts results in uplift
Source: Author diagram
The most logical and practical solution to eliminating uplift in the raft foundations
was to simply remove them from the frame attachment assembly. The original
practicality of the raft foundations centered on the fact that they facilitated the attachment
of the frame to the strong-floor. However, nothing required that the frame be attached to
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the strong-floor; it could be attached anywhere, as long as the surface was level and
provided linear data output.
The frame was moved off of the strong-floor to the back of the High Bay Lab.
Research of the structural drawings of the lab showed that the slab in the back of the lab
was 6" thick with #4 rebar spaced 16" center to center. Using a rebar detection tool, the
location of all rebar in the slab was mapped.
At this point, the decision was also made to increase the number of bolts in each
base plate from two to four, and to increase the bolt diameter from 5/8" to 3/4". Figure S,
below, shows the location of the new bolts in the base plate. The black-filled circles
represent the new bolts, whereas the empty circles represent the original – and now
unused – holes in the base plate. The new holes were also drilled with a larger
construction tolerance than the original holes, using a 1" hole (1/8" tolerance) instead of a
3/4" hole (1/16" tolerance).
Figure S: Improved base plate detail
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Source: Author diagram
Knowing the location of the rebar in the slab, the frame was placed over the slab
such that none of the base plates was directly above any of the rebar. This allowed for the
placement of Hilti LDI expansion anchors, pictured in Figure T, below. The anchors were
installed into the existing slab per the manufacturer’s instructions.
Figure T: Hilti LDI expansion anchor
Source: Author photo
An anchor was installed at each of the newly drilled base plate hole locations, and
a 3/4" diameter threaded rod was placed through each hole and into the anchors. A
washer and nut were used to complete the assembly of the mechanical attachment of the
frame to the slab. Figure U, below, shows the final connection of the bolts, washers, and
nuts into the expansion anchors, securely attaching the frame to the slab.
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Figure U: Final connection of frame to ground
Source: Author photo
The same tests that determined the original nonlinear connection were then
executed on the new frame assembly. The graphs below illustrate the acceleration
response of the frame with regard to the same two amplitudes tested previously. Figure V
shows the response to 1.0 volts of amplitude, whereas Figure W illustrates the response to
0.1 volts of amplitude.
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Figure V: Revised attachment strong axis acceleration response, 1.0V
Source: Author diagram
Acceleration Response, 0.1V
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Figure W: Revised attachment strong axis acceleration response, 0.1V
Source: Author diagram
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The graphs show that the detected natural frequency was fairly consistent between
the two different amplitudes. The higher voltage produced a natural frequency of 10.32
Hz, whereas the lower voltage produced a natural frequency of 10.35 Hz, an acceptable
difference of 0.3%.
The frequencies also more closely corresponded to the values produced by the
lower amplitude shaking of the initial attachment. The original lower amplitude shaking
did not produce a high enough force to cause significant rocking, and the fact that these
values resembled the lower amplitude value showed that the issue of rocking had been
successfully mitigated.
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4.0 BASELINE TESTING AND MODELING
After establishing that the frame had been installed such that reasonable data
could be extracted, theoretical values were predicted regarding the natural frequencies
and mode shapes of the structure. The frame then was then subject to a series of tests, and
the data collected from these tests was compared to the theoretical values for verification
of accuracy. The physical properties of the steel frame, as well as the verified results of
the tests, were modeled using ETABS, and the ETABS model was adjusted until it best
matched the frequencies and mode shapes recorded from the physical structure.
4.1 Range of Acceptable Values
The predictions for the frequencies and mode shapes of the frame were created
using combinations of different assumptions. The varying assumptions were created to
establish upper and lower bounds for potential frequencies of the frame.
The first of the assumptions to be varied was the rigidity of the connection of the
columns to the ground. The upper bound assumed that the connection was perfectly
fixed, allowing no rotation to occur at the base. The lower bound assumed that the
connection was perfectly pinned, unable to resist any rotation at the base.
The second of the assumptions to be varied was the rigidity of the beams. The
upper bound assumption was that the beams were perfectly rigid, whereas the lower
bound assumed that the flexibility of the beams was dependent on their section
properties.
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Analyzing the four possible combinations of assumptions produced a range of
results in which the data from physical frame would lie. Figure X, below, graphically
depicts each of the four assumptions.
Figure X: Four analytical models
Source: Author diagram
Each of these four models was analyzed, and the frequency of each mode shape
was predicted for each combination of fixed and pinned base connections as well as rigid
and flexible beam connections. Table A, below, summarizes the natural frequencies for
each mode shape.
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Table A: Analytically predicted modal frequencies
Analytical Model Frequency (Hz)
Mode Rigid Beams,
Fixed Base
Rigid Beams,
Pinned Base
Flexible Beams,
Fixed Base
Flexible Beams,
Pinned Base
1st Weak 9.35 5.12 6.27 3.52
2nd Weak 23.78 21.71 15.95 13.97
1st Strong 25.42 13.92 12.03 7.12
2nd Strong 64.65 59.03 38.67 31.12
1st Torsion 29.43 16.12 - -
2nd Torsion 74.84 68.33 - -
Table A predicts the natural frequencies of the mode shapes based on each
combination of assumptions. However, predicting the natural torsional frequencies of a
structure with flexible beams was not something that could be reasonably accomplished
using hand-calculation methods. These values were omitted from the table, and only the
theoretical upper bounds for the torsional modal frequencies were able to be determined.
The mode shapes mentioned in Table A corresponded to an assumption of six
degrees of freedom for the frame. The degrees of freedom included three at each floor:
two translational and one rotational. The translational degrees were orthogonal to one
another, each in line with a major axis of the frame. The rotational degree was located at
the center of mass of each slab. The number accompanying each mode label
corresponded to its order of appearance. The first modes involved a larger response at the
roof level, whereas the second modes involve a larger response at the floor level. Figure
Y, below, graphically depicts all of the mode shapes based on these six degrees of
freedom.
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Figure Y: Mode shapes
Source: Author diagram
4.2 Ambient Vibration Testing
The structure was subject to ambient vibrations caused by its surroundings. These
vibrations were caused by wind, mechanical units, noise, and other environmental
factors, generally producing accelerations on the order of 10-6 g. Fortunately, the
accelerometer used in this project was able to measure these miniscule magnitudes, and
an ambient vibration test could be executed.
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Ambient vibration testing (AVT) involved just the accelerometer and the Signal
Express software. After properly inputting the unique sensitivity number corresponding
to the accelerometer, the accelerometer was placed at various points on the frame and
attached using adhesive tape. While in each location, the Signal Express software was set
to collect data at 30 second intervals. At each interval a graph was created similar to
Figure Z, below.
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Figure Z: Response to AVT
Source: Author diagram
The graph above represents the ambient vibration response of the accelerometer
placed on the roof parallel to the strong axis of the structure. Peaks of varying magnitudes
were observed between 6 Hz and 19 Hz. These peaks represented potential natural
frequencies in the structure. For instance, the peak at approximately 10.5 Hz was the
largest magnitude peak for the accelerometer in this location. Because of this particular
 4.0 Baseline Testing and Modeling 34
Identification of Physical Changes to a Steel Frame
orientation of the accelerometer, this peak was predicted to correspond to the natural
frequency of a mode shape in the strong axis. The smaller peaks may correspond to other
frequencies in the structure, but moving the accelerometer was necessary to determine
their potential relevance.
The principal idea of the test was that if an accelerometer orientation
corresponded to the highest magnitude acceleration of a given frequency, the frequency
was a potential natural frequency with regard to that orientation. The 115 µg peak at 10.5
Hz in figure Z, above, was the largest value recorded for that particular frequency, and it
was predicted that this peak corresponded to a mode shape in the strong axis direction.
The accelerometer was moved to different locations on the roof and oriented in
different directions. Each time the accelerometer was moved, AVT was run again, and
the peaks were recorded. If the maximum acceleration for a frequency was recorded
when the accelerometer was oriented parallel to the weak axis, it was assumed to be a
potential natural frequency of that direction. The same was true of the strong axis
orientation. However, if a maximum magnitude occurred while the accelerometer was
placed at an angle, the frequency was assumed to be potentially associated with a
torsional mode. It should be noted that varying the locations of the accelerometer served
only to verify that the maximum magnitudes consistently corresponded to the same
orientations. Table B, below, summarizes the potential natural frequencies with respect to
the orientation of the accelerometer that recorded the largest magnitude of acceleration.
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Table B: Potential natural frequencies determined by AVT
Orientation Frequency (Hz)
Weak 6.50
Strong 10.50
Torsion 11.15
Torsion 11.80
Weak 18.75
The values in the table should be understood to have corresponded only to
potential natural frequencies. The values in the table mostly corresponded very well
within the range of predicted values for the frequencies, outlined in Table A, page 31.
However, it was clear that only one of the peak values corresponded to a torsional natural
frequency. The peak value that did not correspond to a natural frequency could be
attributed to other ambient frequencies, such as mechanical equipment in the building.
AVT worked well for preliminarily identifying potential natural frequencies and
the mode shapes to which they correspond, but a more precise method was necessary to
accurately pinpoint the exact values of the natural frequencies. The low order of
magnitude for the recorded accelerations was not large enough to accurately distinguish
actual natural frequencies of the structure from other ambient vibrations occurring at
steady frequencies.
4.3 Forced Vibration Testing
Forced vibration testing (FVT) utilized all of the laboratory equipment outlined in
Section 3.1. The first step in the FVT was to determine the natural frequencies of the
structure, generally using AVT peaks as a starting point. The second step in the FVT was
to map the mode shape of a given frequency.
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4.3.1 Determination of Natural Frequencies
For the determinations of the natural frequencies, the shaker was placed on the
roof slab or floor slab and oriented such that it could excite any translational or torsional
mode shapes. Placing the shaker on the roof slab was more helpful in detecting the first
order modes, whereas placing it on the floor slab was more helpful in detecting the
second order modes. The accelerometer was placed very similarly on the roof slab or
floor slab, also angled to record any translational or rotational excitement in the structure.
Figure AA, below, details the location of both the shaker and the accelerometer on the
slab.
Figure AA: Location of shaker and accelerometer
Source: Author diagram
Once the shaker and accelerometer were placed on the slab, the arbitrary function
generator was set to a sine function with a frequency corresponding to a peak in the AVT
graphs. After the structure reached a steady state response to the sinusoidal loading of the
shaker, accelerations were recorded at 20 second intervals. The only acceleration that was
recorded was the acceleration that corresponded to the frequency input by the arbitrary
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function generator. At least three values were recorded and averaged for each input
frequency before the frequency was then changed. Figure BB, below, is an example of
the accelerometer response to the FVT.
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Figure BB: Accelerations of each frequency from 6.48 Hz loading
Source: Author diagram
The graph shows the acceleration response of the structure when the function
generator causes the linear shaker to shake with a steady state frequency of 6.48 Hz. The
accelerometer was still recording the acceleration of the structure at each frequency, but
the magnitude of the acceleration caused by the shaking frequency was much higher than
the magnitude of the acceleration of the other frequencies. The other frequencies were
essentially producing accelerations on the same order of magnitude as the ambient
vibration test.
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The process was then repeated at different frequencies near the previous value
until the maximum acceleration was found. A graph was then created to plot the
acceleration at each applied frequency, and the peak value on this graph corresponded to
a natural frequency of the structure. Figure CC, below, illustrates the values of
acceleration detected by FVT at frequencies between 6.35 Hz and 6.55 Hz.
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Figure CC: Forced vibration testing
Source: Author diagram
The graph above shows that the maximum acceleration response of the structure
occurred at 6.48 Hz. This was considered to be the natural frequency of one of the mode
shapes of the structure. Further testing was required to determine the mode shape with
which this frequency corresponds, and that is discussed in Section 4.3.2.
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The process for determining the natural frequencies of the structure was then
repeated near the other peak values found in the ambient vibration testing. If FVT was
not able to detect a definite peak near an AVT peak, the frequency corresponding to the
peak was discarded. Table C, below, summarizes the natural frequencies of the structure
found by FVT, as well as the comparable values determined by AVT.
Table C: Natural frequencies determined by FVT
AVT Frequency (Hz) FVT Frequency (Hz)
6.50 6.48
10.50 10.32
11.15 -
11.80 11.50
18.75 18.90
FVT was able to detect four natural frequencies in the structure, compared to the
five potential natural frequencies detected by AVT. As predicted earlier, only one of the
predicted natural frequencies corresponding to a torsional mode shape actually existed,
rather than the two detected by AVT. This fact highlights the reason that FVT was more
reliable for detecting natural frequencies than AVT. All of the natural frequency data
collected from the FVT fell into the range of predicted values outlined Table A, page 31.
However, it was impossible to determine with absolute certainty that each frequency
actually existed within a predicted range without knowing the mode shapes that
corresponded to each natural frequency.
It should be noted that the methods for performing forced vibration testing
outlined in this section were not perfect. Theoretically, the structure had six degrees of
freedom that could be excited by FVT, but only four natural frequencies were
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successfully determined. This had to do with the fact that the fifth and sixth mode shapes
were at very high frequencies, and no apparent peaks could be found using AVT. Without
an estimate from AVT, the FVT process was executed at 0.5 Hz intervals from 19 Hz to
35 Hz, but no notable increases in acceleration response were observed.
4.3.2 Determination of Mode Shapes
The mode shapes were mapped for each frequency by placing the accelerometer
at six specific locations on the structure, shown in Figure DD below. After recording the
data, the recorded numbers were manipulated in order to be compared to analytical and
computer data.
Figure DD: Accelerometer locations converted to analytical degrees of freedom
Source: Author diagram
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The arbitrary function generator was set to the lowest natural frequency detected
by FVT, and the accelerometer was placed at each of the locations. The accelerations
were recorded at intervals of 20 seconds, and at least three were recorded and averaged in
each location. The values recorded by the accelerometer were averaged and tabulated in
Table D, below.
Table D: Recorded mode shape values for 6.48 Hz
q1 (mg) q2 (mg) q3 (mg) q4 (mg) q5 (mg) q6 (mg)
29.3 263.0 287.3 58.5 392.0 420.8
An important note about the values in the table is the fact that they are all
positive. One of the limitations of the lab setup was that it used only one accelerometer.
The software provided a magnitude of acceleration at a given location, but it wasn’t
possible to compare relative accelerations without using multiple accelerometers at the
same time. For instance, the accelerations corresponding to 11.50 Hz generated a mode
shape that moves more diagonally than torsionally. However, visual inspection clearly
indicated that the structure was moving torsionally. The visual inspection of the structure
was used in determining whether to add or subtract the values in determining u2, u3, u5,
and u6.
The recorded data was then manipulated from its original form into a more
standard form for a six degree of freedom structure where each degree of freedom was
collinear with the center of mass. The conversion from the raw accelerometer data to the
analytical degrees of freedom was based on Eqations 12-18, below.
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Eq. 12
Eq. 13
Eq. 14
Eq. 15
Eq. 16
Eq. 17
Eq. 18
Where u1 = modal response of first degree of freedom (in/s2),
u2 = modal response of second degree of freedom (in/s2),
u3 = modal response of third degree of freedom (rad/s2),
u4 = modal response of fourth degree of freedom (in/s2),
u5 = modal response of fifth degree of freedom (in/s2),
u6 = modal response of sixth degree of freedom (rad/s2),
q1 = accelerometer recorded data per Figure DD (in/s2),
q2 = accelerometer recorded data per Figure DD (in/s2),
q3 = accelerometer recorded data per Figure DD (in/s2),
q4 = accelerometer recorded data per Figure DD (in/s2),
q5 = accelerometer recorded data per Figure DD (in/s2),
q6 = accelerometer recorded data per Figure DD (in/s2), and
φ = modal vector (in/s2 and rad/s2).
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The mode shape was then normalized by dividing each component by the
maximum value in the mode shape vector for this frequency. The function generator was
then set to the next detected natural frequency, and the process was repeated until each
frequency had response values at each analytical degree of freedom. It should also be
noted that the process of mode sweeping, outlined in Section 2.4, was applied to the
second, third, and fourth modes. This was done in order to produce final values that could
be used in a comparison with analytical and computer values.
The final results of the mode sweeping were also used to determine which
generalized mode shape, from Figure Y on page 32, corresponded to which frequency.
Table E, below, summarizes theses results.
Table E: Matching mode shapes to natural frequencies
Frequency (Hz) Mode Shape
Predicted Frequency
Range (Hz)
6.48 1st Weak 3.52 – 9.35
10.32 1st Strong 7.12 – 25.42
11.50 1st Torsion < 29.43
18.90 2nd Weak 13.97 – 23.78
These results were also compared to the predictions based on AVT. AVT
correctly predicted the general mode shape for each frequency. Thus, AVT was able to be
used as a preliminary test not only for natural frequencies, but for mode shapes as well.
And similarly to its detection of natural frequencies, AVT was only able to produce a
good starting point; FVT was necessary to precisely define the mode shapes beyond
generalizations based on which orientation produced the largest accelerations.
The frequencies for the mode shapes identified in Table E, above, all existed well
within the ranges of predicted frequency values outlined in Table A, page 31. Knowing
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the mode shape that corresponds to each frequency allowed for the placement of each
natural frequency into its specific range of predicted values.
4.4 Analysis of Mode Shapes
The acceleration responses directly recorded by the accelerometer at a given
natural frequency were primarily the responses caused by that particular natural
frequency of the structure. However, each mode shape was actually a weighted sum of all
the mode shapes. The amount of influence each mode shape had on each other mode
shape was determined by the proximity of its frequency to the frequency of the mode
shape in question, the damping ratio of the structure, and the position of the linear shaker.
4.4.1 Determination of Damping Ratio
The damping ratio of each mode shape was determined using the half-power
bandwidth method discussed in Section 2.2. Figure EE, below, shows the first detected
mode. It also includes a horizontal line drawn according to the parameters of the half-
power bandwidth method.
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Figure EE: Power band method to determine damping
Source: Author diagram
The horizontal line intersects the graph at approximately 6.465 Hz and 6.502 Hz.
Using these values in Equation 7, the damping ratio was determined to be approximately
0.29%. Although this value is quite low, it is not completely unreasonable for a nearly
bare steel structure. The damping ratio was then determined for each other mode shape as
well, and the results are summarized in Table F, below.
Table F: Damping ratio of each mode shape
Frequency
(Hz) Mode Shape
Damping
Ratio
6.48 1st Weak 0.0029
10.32 1st Strong 0.0165
11.50 1st Torsion 0.0183
18.90 2nd Weak 0.0119
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All damping ratios listed are very low, but very little exists within the structure
with the ability to damp out the energy. It should also be noted that the very low value of
damping in the first weak mode contributed well to the assumption that the mode was
pure. As shown in the graph in Figure A, page 3, lower damping ratios corresponded to
higher deformation response factors. A high value of Rd corresponded to a mode shape
that was negligibly influenced by higher frequency mode shapes.
4.5 Computer Modeling
The data recorded proved to be within the range of predicted results, but didn’t
exactly mimic either end of the spectrum of assumptions. The connection to the ground
appeared to be neither perfectly fixed nor perfectly pinned, and the beams appeared to be
neither perfectly rigid nor perfectly flexible. Instead, the data appeared to be somewhere
in the middle. Attempting to analyze this particular situation with hand calculations
proved to be quite cumbersome, so a computer model was developed to represent the
structure.
The combination of the geometry of the frame, its natural frequencies, and its
mode shapes provided most of the information necessary to successfully establish an
accurate computer representation of the existing physical structure. The model was
created in ETABS, and it required many adjustments before it adequately matched the
recorded data.
4.5.1 Basic Modeling Techniques
The steel skeleton was modeled using centerline dimensions as provided in Figure
D, page 11. The beams and columns were all modeled using the predefined program
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properties of a W6x12 section, including the mass. The beams were modeled such that
their flexibility was not affected by the slabs. Rigid offsets were utilized at connections of
beams to columns, assuring that the lengths of the beams were modeled accurately. All
minor additions to the steel, such as small plates for potential brace or wall attachments,
were not explicitly modeled and their contribution to the mass and stiffness of the model
was considered negligible.
The concrete slabs were modeled by defining a new 3-1/8” thick slab shell
element to take into account slab stiffness in every dimension. The slabs were placed at
each level at the same nodes as the beams. Each was then divided into a mesh of 320 (a
grid of 16x20) finite elements in order to better model the distribution of mass in the
slabs. If a slab wasn’t divided into a series of finite elements, the computer would
incorrectly distribute the weight when analyzing the structure torsionally. Dividing the
slab into a series of smaller elements forced the computer to distribute the mass of the
slab such that it much more closely matched the actual existing structure. Each slab was
manually assigned its measured mass rather than using the predefined mass in the
program, and each was assigned to be a semi-rigid diaphragm. The semi-rigid diaphragm
allowed the computer analysis to utilize the properties of the slabs in determining the
stiffness of each slab. Figure FF, below, is a screen capture of the ETABS model.
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Figure FF: ETABS Model
Source: Author diagram
4.5.2 Advanced Modeling Techniques
Basic modeling techniques were able to produce a model that started to resemble
the physical specimen. However, the frequencies and mode shapes of the computer model
were not quite close enough to the actual values that were recorded from testing the
frame, and further adjustments needed to be made to the model using more advanced
modeling techniques. These techniques dealt explicitly with the flexibility of the
connections within the model.
The first connection was that of the boundary conditions of the frame: the
columns to the ground. When the connection was modeled as fully rotationally rigid, the
natural frequencies of the model were much higher than the physical frame. However,
when the connection was modeled with no rotational stiffness, the natural frequencies
were much lower than the physical frame. The fact that the experimental values were
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within this range was not at all surprising, as the base plates at each column were very
thin and flexible. Even though they were bolted down very tightly, the connection still
allowed for small amounts of rotation at the base of the column. Unlike the rocking raft
foundations, the flexibility in the base plates was not a nonlinear issue. The linearity of
the connection was experimentally verified in Section 3.4.2. Uplift was able to be
resisted, but the base plate was not able to fully resist the rotation at the base.
The second connection was that of the beams to the columns. The original
assumptions in the model provided a fully rotationally rigid connection from the beam to
the rigid offset. However, the possibility of flexibility existed in the connections between
the beams and the columns. In the strong axis orientation, the long beams would tend to
have high rotations, and the possibility existed that the connection was not adequate
enough to resist all of the rotation. Additionally, the connection of the beam to the
column was offset, leaving room for this rotation to occur. In the weak axis orientation,
the connections of the beams to the weak axis of the column web could have provided a
small amount of flexibility, causing a connection that was not perfectly rigid. Because
these connections had the possibility of being only mostly rigid, they were modeled with
increased flexibility.
The flexibility of each connection was modeled by releasing the moment
resistance of the element and replacing it with a rotational spring. The resistance value of
each spring was identical at each similar condition in the model. A value of zero
represented a perfectly fixed connection, whereas a value of infinity represented a
perfectly fixed connection. The beam to column connection was supposed to provide a
fixed connection, but some flexibility definitely existed in the connection. Conversely,
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the column to ground connection appeared to be more flexible because of the lack of
stiffness in the base plates. Thus, the stiffness values for the connections of the columns
to the ground were lower than those for the connections of the beams to the columns. The
springs were repeatedly adjusted until the frame adequately matched the physical frame.
4.5.3 Determination of the Adequacy of Computer Model
The two primary goals were to match the natural frequencies and the mode shapes
of the computer model to the physical structure. Multiple computer models were created
based on the techniques described in previous sections. One model was created with the
primary goal of matching the natural frequencies of the model to those of the structure;
matching the mode shapes was a secondary goal. A second model was created to match
the mode shapes of the model to those of the structure; matching the natural frequencies
was a secondary goal. The reason behind the development of multiple models was to
narrow down a range of connection stiffness values that could be used for the model.
The natural frequencies and mode shapes of each model were recorded and
compared to the physical structure. The natural frequencies were compared using a
percent difference between the model and the structure, while the mode shapes were
compared by using the MAC values discussed in Section 2.3. Table G, below,
summarizes the percent differences between the natural frequencies of each model and
the physical structure. Table H, further below, summarizes the MAC values of each
model with respect to the physical structure.
 4.0 Baseline Testing and Modeling 51
Identification of Physical Changes to a Steel Frame
Table G: Percent difference of natural frequencies
Model
1st Weak
(% Diff.)
1st Strong
(% Diff.)
1st Torsion
(% Diff.)
2nd Weak
(% Diff.)
Match Nat. Freq. 0.00 0.19 1.39 0.58
Match Mode Shapes 0.00 5.25 20.96 22.65
Table H: MAC with respect to physical structure
Model
1st Weak
(MAC)
1st Strong
(MAC)
1st Torsion
(MAC)
2nd Weak
(MAC)
Match Nat. Freq. 0.9891 0.9702 0.5762 0.5699
Match Mode Shapes 0.9892 0.9657 0.6433 0.5261
Although the original intention of developing two models was to determine a
range of likely rotational stiffness values, it quickly became clear that the model
developed with the primary goal of matching natural frequencies should be used. This
model was chosen because the natural frequencies very closely matched those of the
physical structure, and its mode shapes matched those of the physical structure with
nearly the same accuracy as the second model. Additionally, the first model was
developed well within the parameters discussed in Section 4.5.2, whereas the second
model began to push the limits of what could be considered an accurate representation of
the flexibility of the connections within the physical structure.
The fact that the MAC values for each model were very similar also demonstrates
that adjusting the stiffness of the connections did not change the possible mode shapes
significantly. In fact, development ceased on the development of the mode-shape-
matching model when unrealistic input values became necessary to generate comparable
mode shapes. For instance, the rotational stiffness of the roof level beams was considered
perfectly rigid while the rotational stiffness of the floor level beams was considered
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perfectly pinned. Although the roof and floor conditions weren’t necessarily identical,
they did bear a significant similarity to one another, and the disparity between the two
values was too high to be considered an accurate representation of the physical structure.
Using very different rotational stiffness values throughout the structure generated
two models with very similar mode shapes and very different natural frequencies. Only
one model could be developed that mimicked the four natural frequencies of the physical
structure, but at least two models were found that mimicked its mode shapes.
The model created with the primary intention of natural frequencies was chosen
as the final baseline model to be used for computer analysis. It was chosen for two
important reasons: its development utilized realistic rotational stiffness values and natural
frequencies were much more difficult to match with the physical structure than the mode
shapes. Table I, below, summarizes the values of the spring rotational stiffness applied at
each beam-to-column connection and the column-to-ground connection.
Table I: Spring rotational stiffnesses in ETABS model
Location Weak (k in/rad) Strong (k in/rad)
Roof 9500 Infinite
Floor 9500 Infinite
Ground 800 3150
Each value in the table above applied to four input points on the computer model.
The roof location corresponded to the two beam-to-column connections of the two beams
in each of the two principal directions of roof of the structure. The same designation was
used for the floor location. The ground location applied to the four column-to-ground
connections in each of the two principal directions of the structure. A value of infinite
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represents a rigid connection. The model created based on these spring values produced
natural frequencies summarized in Table J, below.
Table J: Natural frequencies of physical structure and computer model
Model
f1st weak
(Hz)
f2nd weak
(Hz)
f1st strong
(Hz)
f2nd strong
(Hz)
f1st torsion
(Hz)
f2nd torsion
(Hz)
Physical 6.48 18.90 10.32 - 11.50 -
Computer 6.48 19.01 10.34 44.64 11.66 43.29
The computer model not only matched the natural frequencies of the physical
structure well, but all six of the natural frequencies were in the range of acceptable
values. The second strong modal frequency was bounded from 31.12 Hz to 64.65 Hz, and
the second torsional frequency needed to be less than 74.84 Hz.
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5.0 PHYSICAL CHANGES TO THE BASE FRAME
The frame underwent two physical modifications. In its altered states, the frame
was then subjected to the same testing as before. Additionally, masses and braces were
added to the baseline computer model in varying magnitudes and locations, creating a
large number of variations with which the physical structure could be compared. Methods
were developed to determine which computer model or models best matched the actual
changes to the structure.
5.1 Additions
The first change to the structure involved the addition of a 600 pound wall
framing sample, placed eccentrically to the center of mass of the roof. Figure GG, below,
is a photograph of the wall sample addition. Figure HH, further below, is a plan-view
diagram detailing the exact location of the sample on the roof of the structure.
Figure GG: Addition of mass to roof
Source: Author diagram
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Figure HH: Additional roof mass location
Source: Author diagram
The second change to the structure was the addition of two diagonal braces in the
form of #4 rebar while leaving the additional mass on the roof. A photo of the brace
addition is shown in Figure II, below.
Figure II: Photo of addition of braces
Source: Author diagram
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The 1/2" diameter braces were welded to the column such that they ran through
the centerlines of both the beams and columns. The braces were added to only one side of
the frame, parallel to the weak axis, such that they caused a change in stiffness in both
torsional and translational modal response. However, the braces provided only a very
minor change to the strong axis translational mode shape because they did virtually
nothing to resist any movement in that direction. Figure JJ, below, shows a diagram of
the addition of the wall sample to and the braces to the side.
Figure JJ: Diagram of addition of braces
Source: Author diagram
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5.2 Testing the Changes
Each alteration was tested following the same procedure for forced vibration
testing outlined in Section 4.3. The first alteration, the single change, involved only the
additional mass added to the roof. The second alteration, the double change, involved
both the additional mass on the roof and the braces added to the side of the structure.
FVT provided the natural frequencies, as well as the mode shapes and damping ratios, of
the physically altered structures. Because of the nonsymmetrical nature of the changes,
the translational mode shapes began to appear more torsional, but not to the point that
they couldn’t be compared to the original modes shapes of the frame. The natural
frequencies of both the baseline structure and the altered structures are summarized in
Table K, below.
Table K: Natural frequencies of the altered physical structure
Frame
f1st weak
(Hz)
f1st strong
(Hz)
f1st torsion
(Hz)
f2nd weak
(Hz)
Baseline 6.48 10.32 11.50 18.90
Add. Mass 5.55 8.91 10.75 18.46
Add. Mass and Braces 6.57 8.82 14.91 20.59
The addition of the mass performed as expected, reducing the natural frequencies
of all of the mode shapes of the frame. Because mass is inversely proportional to
frequency, this trend was not surprising. Adding the braces to the structure also
performed as expected, increasing all of the frequencies because stiffness is directly
proportional to frequency.
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5.3 Establishing Possible Computer Model Solutions
In order to identify the changes in the physical structure, the baseline computer
model had to have a set of changed models for which to compare. Each change to the
baseline model only included single additive properties, such as the addition of mass or
the addition of braces.
Mass was added in varying amounts and in varying locations throughout the
structure. It was added to either a corner quadrant of a slab, a side half of a slab in which
the additional mass spanned the shorter dimension, or an entire slab. This mass was
added to either the floor slab or the roof slab. Lastly, mass was added to the entirety of
both slabs. In each model, the amount of additional mass was represented by a multiplier.
The multiplier was applied to the distributed mass of the slab at the part of the slab
represented by the model name. Tables L, M, and N, below, summarize the results of
adding mass to different parts of the roof slab, floor slab, and both slabs, respectively.
Diagonal braces were added to one side of the computer model, spanning the
short dimension. A brace was added either connecting the roof level to the floor level, the
floor level to the ground level, or both. The braces were of diameters varying from 1/8"
to 1". Table O, further below, summarizes the results of adding varying bracing members
to the structure.
 5.0 Physical Changes to the Base Frame 59
Identification of Physical Changes to a Steel Frame
Table L: Change in natural frequency due to addition of roof mass
Model Name f1st weak (Hz) f2nd weak (Hz) f1st strong (Hz) f1st torsion (Hz)
1.25 Corner Roof Mass 6.37 18.90 10.18 11.55
1.5 Corner Roof Mass 6.27 18.80 10.03 11.44
1.75 Corner Roof Mass 6.18 18.69 9.88 11.36
2 Corner Roof Mass 6.09 18.62 9.73 11.29
3 Corner Roof Mass 5.75 18.35 9.18 11.04
4 Corner Roof Mass 5.45 18.15 8.70 10.86
1.25 Side Roof Mass 6.27 18.80 10.04 11.43
1.5 Side Roof Mass 6.09 18.62 9.77 11.24
1.75 Side Roof Mass 5.91 18.48 9.51 11.05
2 Side Roof Mass 5.75 18.35 9.27 10.89
2.5 Side Roof Mass 5.45 18.15 8.83 10.62
3 Side Roof Mass 5.19 17.99 8.46 10.37
1.25 Total Roof Mass 6.10 18.59 9.77 11.19
1.5 Total Roof Mass 5.93 18.45 9.51 10.99
1.75 Total Roof Mass 5.77 18.32 9.27 10.81
2 Total Roof Mass 5.25 17.86 8.46 10.07
Table M: Change in natural frequency due to addition of floor mass
Model Name f1st weak (Hz) f2nd weak (Hz) f1st strong (Hz) f1st torsion (Hz)
1.25 Corner Floor Mass 6.44 18.73 10.27 11.60
1.5 Corner Floor Mass 6.39 18.48 10.19 11.55
1.75 Corner Floor Mass 6.35 18.25 10.12 11.51
2 Corner Floor Mass 6.31 18.02 10.05 11.45
1.25 Side Floor Mass 6.39 18.48 10.19 11.55
1.5 Side Floor Mass 6.31 18.02 10.06 11.44
1.75 Side Floor Mass 6.23 17.61 9.92 11.34
2 Side Floor Mass 6.15 17.27 9.79 11.24
1.25 Total Floor Mass 6.32 18.02 10.06 11.43
1.5 Total Floor Mass 6.16 17.21 9.79 11.22
1.75 Total Floor Mass 6.01 16.58 9.54 11.01
2 Total Floor Mass 5.87 16.10 9.31 10.82
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Table N: Change in natural frequency due to addition of mass to roof and floor
Model Name f1st weak (Hz) f2nd weak (Hz) f1st strong (Hz) f1st torsion (Hz)
1.25 All Mass 5.97 17.54 9.52 11.00
1.5 All Mass 5.56 16.34 8.87 10.44
1.75 All Mass 5.22 15.36 8.34 9.96
2 All Mass 4.94 14.56 7.89 9.53
Table O: Changes in natural frequency due to addition of braces
Model Name f1st weak (Hz) f2nd weak (Hz) f1st strong (Hz) f1st torsion (Hz)
0.125 Top Brace 6.58 19.80 10.34 11.71
0.250 Top Brace 6.76 21.79 10.34 11.82
0.375 Top Brace 6.91 24.10 10.34 11.89
0.500 Top Brace 7.00 26.04 10.33 11.95
0.625 Top Brace 7.06 27.55 10.33 11.96
0.750 Top Brace 7.09 28.57 10.33 11.98
0.875 Top Brace 7.12 29.24 10.32 11.98
1.000 Top Brace 7.13 29.76 10.31 11.96
0.125 Bottom Brace 6.81 19.38 10.34 11.99
0.250 Bottom Brace 7.39 20.49 10.34 12.82
0.375 Bottom Brace 7.78 22.37 10.34 13.66
0.500 Bottom Brace 8.01 24.81 10.34 14.25
0.625 Bottom Brace 8.13 27.17 10.34 14.58
0.750 Bottom Brace 8.21 29.24 10.34 14.79
0.875 Bottom Brace 8.26 30.77 10.34 14.93
1.000 Bottom Brace 8.29 31.95 10.34 15.02
0.125 Double Brace 6.91 20.08 10.34 12.08
0.250 Double Brace 7.69 22.57 10.34 13.48
0.375 Double Brace 8.22 25.25 10.34 15.77
0.500 Double Brace 8.49 27.32 10.33 18.59
0.625 Double Brace 8.64 28.74 10.33 21.55
0.750 Double Brace 8.72 29.76 10.32 24.45
0.875 Double Brace 8.77 30.77 10.32 27.03
1.000 Double Brace 8.80 32.15 10.31 28.82
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5.4 Identifying Changes to the Steel Frame
Two methods were developed to best determine which arbitrary computer models
best corresponded to the actual alteration. The first method was developed for identifying
a single change (roof mass addition) while the second method was developed for a double
change (roof mass and brace additions).
5.4.1 Identifying a Single Change
The single change to the structure involved the addition of mass, detailed in
Figure HH, page 55. The method for identifying a single change to a model involved the
percent difference between the frequencies of each computer model and those of the
addition of roof mass to the physical structure. The percent differences were assigned
points based on their size. Table P, below, summarizes the assigned points for each range
of percent differences.
Table P: Points assigned for range of percent difference
Range Points
0 - 1% 5
1 - 2% 2
2 - 5% 1
5 - 10% 0
>10% -5
Each mode was then assigned a weight. The three first modes – first weak
translational, first strong translational, first torsional – were each assigned a weight of
two, while the second weak translational mode was assigned a weight of one. The larger
weight assignments were assigned to the higher modes because of their prominence
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within the system. On a frame of this size, second order modes did not have nearly as
large of an impact as first order modes due to their lower mass participation factors.
The points for each frequency of a given computer model were multiplied by their
weights and summed. Equation 19, below, outlines exactly how the points were summed
for each model.
( ) 21112 WTSWTotal PPPPP +++= Eq. 19
Where PTotal = Total points for a model (points),
PW1 = Points for 1st weak mode (points),
PW2 = Points for 2nd weak mode (points),
PS1 = Points for 1st strong mode (points), and
PT1 = Points for 1st torsional mode (points).
Every model from Tables L, M, N, and O was analyzed using Equation 19. Table
Q, below, summarizes the total points for each model. Only mass or brace locations with
at least one positive-point-producing model are recorded in the table.
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Table Q: Total points for each model
Model Name PTotal
1.25 Corner Roof Mass 0
1.5 Corner Roof Mass 0
1.75 Corner Roof Mass 0
2 Corner Roof Mass 7
3 Corner Roof Mass 11
4 Corner Roof Mass 12
1.25 Side Roof Mass 0
1.5 Side Roof Mass 7
1.75 Side Roof Mass 7
2 Side Roof Mass 13
2.5 Side Roof Mass 20
3 Side Roof Mass 3
1.25 Total Roof Mass 7
1.5 Total Roof Mass 7
1.75 Total Roof Mass 19
2 Total Roof Mass 1
1.25 Total Floor Mass 0
1.5 Total Floor Mass 0
1.75 Total Floor Mass 0
2 Total Floor Mass 6
1.25 All Mass 3
1.5 All Mass 16
1.75 All Mass 0
2 All Mass 0
Once the models had been analyzed using Equation 19, their point totals were
reviewed to determine the change in the frame. Identifying the change involved
identifying the model or models with the highest point totals. In this case, the highest
point total corresponded to the model labeled “2.5 Side Roof Mass.” The second highest
point total is relatively large as well, and that corresponded to “1.75 Total Roof Mass.”
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The “2.5 Side Roof Mass” model represented the addition of a 773 pound mass
with a center of mass located 18" from the center of mass of the structure. The “1.75
Total Roof Mass” model involved the addition of a 773 pound mass with a center of mass
perfectly aligned with the center of mass of the structure. The physical change involved a
600 pound mass was added with its center of mass eccentric 14.875" to the center of mass
of the structure.
Both models predicted the same amount of additional weight, and both predicted
it within 29% of what it actually was. The primary difference between the models is that
the model that recorded a highest point total predicted an eccentric mass, whereas the
model that recorded the second highest point total predicted the mass aligned with the
center of mass of the structure. Although the process did not determine the exact change
that was made to the steel frame, the large field of models that was created represented
such a wide variety of potential changes to the structure that this method for identifying a
single change in the structure was determined to be satisfactory.
The method predicted the additional mass to be 29% larger than it actually was.
The reason for the overestimate of the additional mass stems from the calibration of the
baseline model. An alteration of the baseline model was created to mimic the actual
addition of mass to the physical structure. This altered model predicted the natural
frequencies of the structure to be an average of 1.96% higher than the values that were
recorded in the lab. The method essentially compensates for the error by increasing its
prediction for the additional mass of the structure. It should also be noted that although it
overestimated the weight of the additional mass by 29%, it only overestimated the total
weight of the altered structure by 4.8%.
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The overestimation of the frequencies in the model mimicking the actual addition
of mass is likely due to some inaccuracies in the baseline model. Firstly, the slabs were
modeled at a lower height than they actually exist on the physical structure. In the model,
the center of mass of each slab was vertically aligned with the top of the beams on which
it was supported. In the physical structure, the center of mass of each slab is
approximately 3” above the top of the beams at each level. Furthermore, the 600 pound
additional mass was actually added on top of the roof slab; its center of mass is another
4” above the center of mass of the roof slab below it. Modeling the masses at their actual
increased heights, rather than aligned with the top of the beams, would lower the natural
frequencies of the model. Secondly, the possibility exists that the stiffness of the
connections between the beams and columns was overestimated, a result of the spring
values and rigid offset lengths that were assumed for the structure. Reducing either the
spring value of the connection or the length of the rigid offset would slightly increase the
flexibility in the system, thus lowering the natural frequencies of the structure and
increasing the accuracy of the model.
5.4.2 Identifying Two Changes
The two changes applied to the structure involved the addition of both mass and
braces, detailed in Figure JJ, page 56. Identifying two changes to a frame using only a
collection of singly changed models was a more involved task than simply detecting a
single change. This method also involved using the percent differences between each
singly changed model and the baseline model and determining a method of combining
them to effectively predict the two changes to the structure.
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Any two of the computer models were hypothesized to be the two changes that
actually occurred. For the first frequency, each magnitude of each percent difference was
square rooted, while their sign was kept in front of the square root. These square roots
were then added together, and the magnitude is then squared, again keeping the sign
outside of the calculation. This process is outlined in Equation 20, below. It should be
noted that the equation can be expanded to accommodate any number of models by
continuing to add or subtract the square root of the magnitude percent changes of the
models within the parentheses in a similar fashion to the first two models.
Eq. 20
Where PCf = percent change of the frequency (%),
PD1 = percent difference between model 1 & baseline (%), and
PD2 = percent difference between model 2 & baseline (%).
This number represented the percent change of that particular frequency.
Multiplying this percent change by the natural frequency of the baseline computer model
provided a modal frequency of the combination of changes that could be compared to the
frequency of the same mode recorded for the doubly changed physical model. Equation
21, following, represents this process.
Eq. 21
Where fCombo = frequency of the combo of models (Hz),
PCf = percent change of the baseline model frequency (%), and
fBaseline = baseline model frequency (Hz).
Equations 20 and 21 were then applied to the other frequencies, producing a
frequency for each of the modes. The differences between the combination of computer
( )221 PDPDPC f ±±±=
( ) BaselinefCombo fPCf ⋅+= 1
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models and the doubly changed physical structure were calculated to find a percent error.
The percent error for each frequency was then assigned points and weights, as outlined in
Section 5.4.1, and a total point value was calculated for each combination of models.
Table R, below, summarizes the point values for combinations of two, three, and four
changes.
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Table R: Total points for each combination of models
Models in Combination PTotal
2.5 Side Roof Mass,
0.500 Double Brace 1
2.0 Side Roof Mass,
0.500 Double Brace -1
2.5 Side Roof Mass,
0.625 Double Brace -2
1.5 Total Roof Mass,
0.500 Double Brace 0
1.75 Total Floor Mass,
1.000 Top Brace -2
2 All Mass,
0.250 Bottom Brace -4
3 Corner Roof Mass,
1.75 Side Floor Mass,
0.750 Double Brace -4
1.75 Corner Floor Mass,
0.500 Top Brace,
0.125 Bottom Brace -20
1.25 All Mass,
2 Total Roof Mass,
0.375 Top Brace,
0.875 Bottom Brace -15
The combination of models that produced the most points included the following
two: the model that provided an additional 773 pound roof mass distributed with a center
of mass located 18" from the center of the roof as well as the model that provided a half
inch diameter steel brace at both the top and bottom floors. The actual change was a 600
pound mass with a center of mass located 14.875" from the center of the roof as well as
the addition of a half inch diameter steel brace at both the top and bottom floors.
This pair of models predicted the weight of the additional roof mass within 29%
of its actual value (again estimating the total structure weight to within 5.7% accuracy),
and they predicted the brace size and location perfectly. The fact that this method was
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able to use this combination of two separate single changes to predict the double change
with this accuracy demonstrates that this method was a satisfactory approach to
identifying the double change in the structure.
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6.0 CONCLUSIONS
The project established laboratory procedures that resulted in the ability to
determine the natural frequencies, mode shapes, and damping ratios of a steel frame. The
frame was attached to the ground such that the procedures produced results in a linear
fashion; the results of the lab testing did not change depending on the intensity of the
testing.
Ambient vibration testing was valid as a starting point for determining the natural
frequencies and mode shapes of the structure. However, AVT was not able to be used
beyond a preliminary estimate. It produced five potential natural frequencies in the
structure within a range that only four natural frequencies actually existed. This likely
resulted from other machinery in the laboratory vibrating at a consistent frequency, but
the extremely small magnitudes of the accelerations made it impossible to differentiate
the true natural frequencies from the machinery frequency. Additionally, the mode shapes
of the structure could be qualitatively determined using a combination of AVT and
analytical predictions, but no quantitative results could be produced to determine the
exact mode shapes of the structure. The data collected from ambient vibration testing
only served useful as a starting point for forced vibration testing.
Forced vibration testing was able to quantitatively determine the natural
frequencies, mode shapes, and damping ratios of the structure. Using the natural
frequencies predicted by AVT, FVT was able to determine four natural frequencies of the
structure. FVT was then able to determine both the mode shape and the damping ratio
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that corresponded to each natural frequency. In order to compare the mode shapes to both
analytical and computer model output, the recorded mode shape data was converted into
a more conventional six degree of freedom structure and then orthogonalized using the
process of mode sweeping. The natural frequencies determined by FVT fell in the range
of frequencies predicted for each mode shape by theoretical analytical models, further
verifying their accuracy. The final results of FVT included four natural frequencies,
orthogonalized mode shapes, and damping ratios.
A computer model of the structure was created using ETABS. The model was
calibrated to match the results of FVT as well as possible. The model matched each of the
natural frequencies of the structure within 1.39% or better. The mode shapes were
matched as well as possible: the first weak and first strong mode shapes corresponded
quantitatively well to the FVT results, but the first torsion and second weak mode shapes
were only able to be modeled with qualitative accuracy.
Identifying a single change – the addition of a large eccentric mass – to the
structure was done using a weighted point system, detailed in Section 5.4.1. This method
analyzed the large field of models representing single changes to the baseline model, and
it was able to determine that a mass was added eccentrically to the roof. Because the
method predicted the weight of the mass within 29% of its actual value, and it predicted it
added eccentrically, the method was determined to be satisfactory for identifying a single
change to the structure.
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Identifying the double change – the addition of a large eccentric mass and the
addition of a diagonal brace at each level – to the structure involved comparing the
percent differences between each singly changed model and the baseline model. The
method, detailed in Section 5.4.2, was able to predict a wide variety of information that
proved to be accurate. It determined that the mass was added eccentrically to the roof of
the structure, and it predicted the weight of the additional mass within 29%. It also
determined that braces were added at both the roof and floor levels, and it determined the
size of the braces exactly. This collection of correct predictions supports the conclusion
that this method was able to satisfactorily identify a double change in the structure.
 Appendix 73
Identification of Physical Changes to a Steel Frame
REFERENCES
(Allemang 2003) Allemang, Randall J. “Modal Assurance Criterion – Twenty Years of
Use and Abuse.” Sound and Vibration. (August 2003) 14-21.
(American Institute of Steel Construction 2006) American Institute of Steel Construction.
Steel Construction Manual. Thirteenth Edition. 2006.
(Chopra 2007) Chopra, Anil K. Dynamics of Structures: Theory and Applications to
Earthquake Engineering. Third Edition. Upper Saddle River, New Jersey:
Pearson Prentice Hall, 2007.
 Appendix 74
Identification of Physical Changes to a Steel Frame
APPENDIX
A.1 Accelerometer Specifications
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A.2 Baseline Forced Vibration Testing
A.2.1 Natural Frequencies
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Acceleration Response of Third Detected Mode
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First Detected Mode
f a1 a2 a3 a avg
6.250 45.2 47.2 46.2 46.20
6.350 77.0 77.1 77.3 77.13
6.450 293.2 287.4 290.1 290.23
6.470 560.3 559.7 558.9 559.63
6.480 601.2 600.6 601.0 600.93
6.490 554.2 553.4 552.2 553.27
6.500 450.9 451.2 448.9 450.33
6.520 301.4 302.9 302.8 302.37
6.550 190.5 188.3 189.9 189.57
Second Detected Mode
f a1 a2 a3 a avg
10.230 611.5 609.3 610.1 610.30
10.270 744.8 741.4 740.0 742.07
10.310 770.8 773.8 772.3 772.30
10.320 791.6 792.6 790.5 791.57
10.330 793.6 789.8 787.4 790.27
10.340 780.1 770.2 776.9 775.73
10.350 770.6 770.0 767.9 769.50
10.370 747.4 747.4 741.0 745.27
10.410 730.8 726.9 725.1 727.60
10.430 708.2 702.5 699.3 703.33
10.450 683.1 678.2 677.6 679.63
10.470 644.8 651.1 651.5 649.13
10.490 630.9 631.4 626.8 629.70
10.510 605.4 597.3 590.0 597.57
10.530 567.6 566.8 567.5 567.30
10.550 535.5 531.6 529.2 532.10
10.570 500.7 500.1 497.0 499.27
10.590 465.4 464.4 467.7 465.83
10.610 439.5 438.4 435.9 437.93
10.630 409.2 406.3 407.8 407.77
10.650 383.7 386.8 381.6 384.03
10.670 351.9 354.4 350.8 352.37
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Third Detected Mode
f a1 a2 a3 a avg
11.25 207.9 213 208.6 209.8333
11.3 231.5 234.5 234.1 233.3667
11.35 281.5 281.6 281.5 281.5333
11.4 369.7 371 367.5 369.4
11.45 827.8 830.5 841 833.1
11.5 955 959.1 952.6 955.5667
11.55 908.5 915.6 920.5 914.8667
11.6 792.6 806.7 813.6 804.3
11.65 642.2 653.5 656.3 650.6667
11.7 531.2 535.6 538.2 535
11.75 472 475.3 471.8 473.0333
Fourth Detectected Mode
f a1 a2 a3 a4 a5 a avg
15.000 23.8 24.0 23.90
17.000 32.7 32.7 30.0 31.80
18.000 24.6 25.0 24.4 24.67
18.500 101.8 100.7 101.2 100.7 100.3 100.94
18.800 354.8 349.5 352.6 353.7 354.8 353.08
18.900 489.1 488.8 487.6 487.9 489.5 488.58
19.000 466.0 460.2 462.9 466.7 463.5 463.86
19.100 425.1 430.1 430.4 434.9 434.6 431.02
19.200 397.3 400.1 400.3 403.4 405.2 401.26
19.500 280.7 282.7 285.2 286.5 287.7 284.56
20.000 180.6 181.6 182.3 182.6 182.9 182.00
21.000 116.7 117.3 117.00
23.000 63.2 62.0 62.60
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A.2.2 Recorded Mode Shapes
A.2.3 ETABS Mode Shapes
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A.3 Roof Mass FVT
A.3.1 Natural Frequencies
First Detected Mode
0.00
50.00
100.00
150.00
200.00
250.00
300.00
350.00
400.00
450.00
4.500 4.700 4.900 5.100 5.300 5.500 5.700 5.900 6.100 6.300 6.500
Second Detected Mode
0.00
50.00
100.00
150.00
200.00
250.00
300.00
8.500 8.600 8.700 8.800 8.900 9.000 9.100 9.200 9.300 9.400 9.500
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Third Detected Mode
0.00
50.00
100.00
150.00
200.00
250.00
300.00
350.00
400.00
450.00
10.500 10.600 10.700 10.800 10.900 11.000 11.100 11.200 11.300 11.400 11.500
Fourth Detected Mode
0.00
5.00
10.00
15.00
20.00
25.00
30.00
35.00
18.000 18.100 18.200 18.300 18.400 18.500 18.600 18.700 18.800 18.900 19.000
 Appendix 91
Identification of Physical Changes to a Steel Frame
First Detected Mode
f a1 a2 a3 a4 a5 a avg
4.700 31.8 31.9 31.9 31.87
4.900 41.4 41.3 41.2 41.30
5.100 58.1 58.0 57.9 57.8 57.95
5.300 95.2 95.1 95.0 94.9 94.7 94.98
5.400 135.0 135.0 135.0 134.0 134.0 134.60
5.500 350.0 356.0 358.0 361.0 362.0 357.40
5.550 416.0 413.0 412.0 412.0 412.0 413.00
5.600 391.0 390.0 391.0 390.0 390.0 390.40
5.650 337.0 339.0 341.0 342.0 341.0 340.00
5.700 310.0 313.0 315.0 317.0 316.0 314.20
5.900 139.0 140.0 140.0 140.0 139.75
6.100 81.8 81.9 82.0 81.9 81.90
6.300 58.3 58.3 58.3 58.30
Second Detected Mode
f a1 a2 a3 a4 a5 a avg
8.500 48.8 48.7 48.6 48.70
8.600 62.5 62.6 62.4 62.50
8.700 88.0 87.8 87.8 87.87
8.800 172.0 173.0 174.0 173.0 173.00
8.900 276.0 274.0 279.0 286.0 285.0 280.00
9.000 201.0 203.0 204.0 204.0 205.0 203.40
9.100 130.0 132.0 132.0 133.0 131.75
9.200 92.9 93.3 93.7 93.30
9.300 67.5 67.7 68.2 67.80
9.400 50.9 51.3 51.3 51.17
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Third Detected Mode
f a1 a2 a3 a4 a5 a avg
10.500 68.3 68.3 68.2 68.27
10.700 243.0 244.0 236.0 236.0 239.75
10.750 402.0 399.0 397.0 396.0 395.0 397.80
10.780 387.0 385.0 385.0 385.0 385.0 385.40
10.800 365.0 371.0 372.0 370.0 370.0 369.60
10.900 331.0 334.0 336.0 338.0 336.0 335.00
11.000 229.0 230.0 231.0 232.0 231.0 230.60
11.100 161.0 162.0 163.0 164.0 162.50
11.300 94.6 95.1 95.3 95.00
Fourth Detected Mode
f a1 a2 a3 a4 a5 a avg
18.000 18.6 18.6 18.4 18.53
18.100 24.4 23.2 23.0 23.53
18.200 26.6 26.5 26.4 26.9 26.60
18.300 28.4 28.2 28.2 28.1 28.1 28.20
18.400 28.6 28.8 28.8 28.9 29.1 28.84
18.500 28.7 28.8 28.9 28.9 28.9 28.85
18.600 27.7 27.7 27.6 27.7 27.7 27.68
18.700 26.3 26.3 26.3 26.3 26.30
18.800 25.0 25.0 25.0 25.0 25.00
18.900 23.9 23.9 23.9 23.90
19.000 22.8 22.9 22.8 22.83
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A.3.2 Recorded Mode Shapes
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A.4 Roof Mass and Braces FVT
A.4.1 Natural Frequencies
First Detected Mode
0.00
50.00
100.00
150.00
200.00
250.00
300.00
6.350 6.400 6.450 6.500 6.550 6.600 6.650 6.700 6.750 6.800 6.850
Second Detected Mode
0.00
50.00
100.00
150.00
200.00
250.00
300.00
350.00
400.00
450.00
8.700 8.750 8.800 8.850 8.900 8.950 9.000 9.050 9.100
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Third Detected Mode
0.00
20.00
40.00
60.00
80.00
100.00
120.00
140.00
160.00
180.00
200.00
14.500 14.600 14.700 14.800 14.900 15.000 15.100 15.200 15.300 15.400 15.500
Fourth Detected Mode
0.00
5.00
10.00
15.00
20.00
25.00
30.00
35.00
40.00
20.300 20.400 20.500 20.600 20.700 20.800 20.900 21.000 21.100 21.200 21.300
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First Detected Mode
f a1 a2 a3 a4 a5 a avg
6.350 94.9 94.7 94.5 94.70
6.400 116.0 116.0 115.0 115.67
6.450 150.0 150.0 150.0 150.0 150.00
6.500 227.0 231.0 231.0 230.0 229.75
6.550 261.0 261.0 260.0 260.0 261.0 260.60
6.600 264.0 262.0 265.0 265.0 264.0 264.00
6.650 254.0 257.0 259.0 261.0 263.0 258.80
6.700 239.0 241.0 243.0 244.0 241.75
6.750 198.0 195.0 198.0 198.0 197.25
6.800 158.0 159.0 159.0 158.67
6.850 129.0 130.0 130.0 129.67
Second Detected Mode
f a1 a2 a3 a4 a5 a avg
8.700 150.0 146.0 143.0 146.33
8.750 232.0 236.0 235.0 235.0 234.50
8.800 401.0 399.0 402.0 407.0 414.0 404.60
8.850 399.0 397.0 402.0 404.0 404.0 401.20
8.900 377.0 380.0 380.0 383.0 383.0 380.60
8.950 321.0 323.0 321.0 325.0 322.50
9.000 267.0 264.0 268.0 266.33
9.050 221.0 223.0 225.0 223.00
9.100 190.0 190.0 191.0 190.33
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Third Detected Mode
f a1 a2 a3 a4 a5 a avg
14.500 15.6 15.6 15.6 15.60
14.600 23.1 23.1 23.1 23.10
14.700 37.3 37.6 37.7 37.53
14.800 92.9 93.9 93.9 93.9 93.65
14.900 179.0 176.0 176.0 176.0 176.0 176.60
15.000 124.0 125.0 126.0 126.0 125.25
15.100 86.6 86.9 87.4 86.97
15.200 62.0 62.5 62.7 62.40
15.300 48.4 48.8 49.0 48.73
15.400 39.4 39.4 39.8 39.53
15.500 33.2 34.0 34.3 33.83
Fourth Detected Mode
f a1 a2 a3 a4 a5 a avg
20.300 24.9 24.9 25.1 25.0 24.98
20.400 31.1 31.0 31.0 30.9 30.9 30.98
20.500 33.1 32.9 33.1 33.0 33.0 33.02
20.600 33.4 33.4 33.5 33.5 33.5 33.46
20.700 33.2 33.2 33.3 33.4 33.4 33.30
20.800 32.4 32.4 32.4 32.5 32.43
20.900 30.8 30.9 31.0 31.0 30.93
21.000 28.7 28.7 28.7 28.70
21.100 25.4 25.5 25.6 25.50
21.200 21.4 21.4 21.5 21.43
21.300 17.5 17.6 17.6 17.57
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A.4.2 Recorded Mode Shapes
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A.5 Properties of Each Singly Altered Model
 Appendix 100
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Comparing the lab data to the ETABS model for single change (additional mass: 600
pounds):
f weak1 f weak2 f strong1 f torsion 1
Lab Testing 5.55 Hz 18.46 Hz 8.91 Hz 10.75 Hz
ETABS 5.68 Hz 18.67 Hz 9.14 Hz 10.94 Hz
% Difference 2.32% 1.15% 2.59% 1.78%
